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Bead-Spring Model of a Polymer Chain:
A Transient Solution

Teresa Ree Chay!
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With the Rouse-Zimm differential equation of the spring-bead model, the
distribution function of N + 1 beads ¥(x,y,z,¢) [here x denotes (x,,
Xy ,..., Xn), and similarly for y and z] is explicitly solved with the two different
initial conditions: the Gaussian and delta distribution functions. We find
that although thc mean end-to-end distances obtained from the two initial
conditions are the same, the expressions of the mean square end-to-end
distances are different. We also obtain the expression for the mean and mean
square end-to-end distances analytically from the Langevin equation with
the delta initial distribution function. With this analytic expression, wc show
that the statistical quantities obtained from the Monte Carlo calculation are
consistent with thosc obtained from the Rouse-Zimm differential equation
if a suitable length is chosen for the time increment.

KEY WORDS: Rouse-Zimm differential equation; Langevin equation; mean
end-to-end distance; distribution function of N 4+ 1 beads; “‘free-draining’’;
Brownian motion; initial conditions; Monte Carlo study; bead-spring
statistical macromolecule.

1. INTRODUCTION

With the Langevin equation of motion for the bead-spring statistical macro-
molecule, Simon and Zimm®™ used a high-specd digital computer to simulate
the unwinding of DNA. In order to verify that the computer treatment gave
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a correct representation of the analytical equation, simulation of tensile
relaxation for a series of polymers was carried out by these workers. The
agrecement between the computer simulation of the Langevin equation and
the analytical solution via the Rouse-Zimm treatment of polymer dynamics
was very good for the quantities they compared. However, the initial con-
ditions of the two treatments werc different in that the N -- 1 beads of the
machine calculation were initially distributed along the x axis by the delta
function, while the beads of the Rouse-Zimm treatment were initially dis-
tributed by the Gaussian function. In Section 2, we propose a method of
simulating the initial position of beads by the Gaussian distribution function.
In Section 3, we first obtain the expression for the mean and mean square
end-to-end distances analytically from the Langevin equation with the delta
initial distribution function. Second, with these analytic expressions, we
show that the mean end-to-end distance obtained from the computer simula-
tion of Simon and Zimm should agree with that of the Rouse-Zimm approach
if a suitable length is chosen for the time increment 4¢. Third, since Simon
and Zimm obtained the mean square end-to-ecnd distance via the Rouse-
Zimm treatment with the Gaussian initial distribution function, we show
that this mean square end-to-end distance should be different from that of
Simon and Zimm’s computer result. In Section 4, the distribution function
of N -+ 1 beads ¥(x, v,z t) [here, x denotes (x4, x; ,..., Xn), and similarly
for y and z] is explicitly solved with the two different initial conditions.
Earlier, Zimm® solved ¥(x,y,z,1) of a linear tensilc relaxation for the
steady-state case. The Langevin equation can be applied in studying un-
winding of a DNA-like helix.® In this case, however, it is not possible to
obtain a solution of the Langevin equation analytically, and only the Monte
Carlo work is available. In Section 5, we show that the analytic expression
obtained in Section 3 is very uscful in estimating the time increment Az that
should be used for the Monte Carlo study. The statistical quantities obtained
from the Monte Carlo simulation with too large 4¢ would not represent the
correct quantities that can be obtained from the Rouse-Zimm equation.

2. COMPUTER SIMULATION OF THE MOTION OF BEADS
WITH THE LANGEVIN EQUATION

The motion of a chain of beads connected by ideal springs diffusing
through a medium has been treated by Rouse and Zimm'®. In the “free-
draining’’ case, the equation of motion of N <+ 1 beads can be represented
by the following equation:

plit; — i/) - —D[e(n ¥)/eu;] — (kTIb )~y + 2u; — Up),

Uy =ty Uny —uy (1)
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where u represents either the x, y, or z coordinate, kT is Boltzmann’s constant
times the absolute temperature, p is a friction constant, and 4,2 is the mean
square distancc between the successive beads in the u direction and is simply
equal to b,2 = b%s for all u’s in a homogeneous s-dimensional system. In
Eq. (1), #; is the x-, y-, or z-directional velocity that the fluid would have
at position { if the beads were absent. The first and sccond terms on the right-
hand side of the equation reprcsent the Brownian motion term and the spring
force term, respectively. The distribution function of N -1 beads ¥ in
Eq. (1) is to be determined from the equation of continuity:

N
Wjer — Y 3 3 Y e Wleu, (2)

i) u=x,y.z

The Monte Carlo work can be performed by decoupling Egs. (1) and (2).
The term —[D é(In ¥)/éu,;] 4¢ in Eq. (1) can be replaced by B, (4, t), which
is defined as the net Brownian displacement of molecule / within a time
interval 41. Thus, for 4;," = 0, Eq. (1) may be rewritten in a difference form as

ut + 4Ar) = u,t) + B, (4t 1) — o At[- upi(t) + 2udt) — ui (D] (3)

where o is defined as k7s/b%p. This is the well-known Langevin equation. In
the above equation.

Bu(dr 1) = Y. AU 1) @

where 4U,(J, 1) is the distance traveled by the ith bead due to the Brownian
motion in the j th impact, and » is the number of impacts during an interval
Ar. We assume that AU,(j, 1) results from a uniform random displacement
with an amplitude a centered around molecule i Then, 4U,(j, t) can be
obtained from a quasirandom number R,,, which is uniformly distributed
between O and 1 and is generally available as one of the computer library
routines. Thus, 4U; is related to R,; by

AU, -+ a(l -- 2R,,) 5)
where the amplitude a is further related to the other molecular parameters: ™
a = (6D/v)'i¢ .z b(6ojsv)!/? (6)

Simon and Zimm derived a special case of Eq. (4), in that the quantities n, v,
and 4t were taken to be unity. Equation (4) is the most general form since as
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n increases, the distribution of B,; becomes Gaussian according to the central
limit theorem. By substituting Egs. (4)—(6) into Eq. (3), we obtain

ut — At) = u(t) - odt[—u;_ (1) - 2ult) — u;qy(t)]

4 b(6ofsv)t2 Y [1 — 2Ry (), 1)] )
Jj=1
With given initial positions of N + 1 beads and for given o, b, and v, the
Monte Carlo study can be performed with Eq. (7). If we like to simulate the
motion of beads which are initially distributed by the delta initial distribution
function, we should et the initial position of the beads be

x0) =d -+ hi (8)

where d and 4 are the distances between the origin and zeroth bead and
between the successive beads, respectively. The beads may be initially distrib-
uted by the Gaussian distribution function. The Gaussian initial distribu-
tion of N = 1 beads can be determined as follows.”® First, we pick two
random numbers R, and R, from a pscudorandom number generator. Second,
if [(—log R, — 1)* + 2 log R,] is positive, we pick two new random numbers.
If this quantity is zero or negative, then the position of ith bead is taken to be

x0) = d -+ hi + (Dfo)?log R,
=d - hi =- b, log Ry

€

wherc the plus sign is taken if the random number Rj is less than 0.5; other-
wise, the minus sign is taken. By determining the initial position of N + 1
beads by the above process, the Monte Carlo study on the motion of a chain
of beads can be performed.

Simon and Zimm carried out the Monte Carlo study on the tensile
relaxation of 31-, 61-, 81-, 121- and 241-bead models with n = v = 4t = 1
and the internally consistent parameters: ¢ = 0.320, b = 10, and a = 8.
The N + 1 beads were initially distributed according to Eq. (8), where
d = 0 and 4 = b. In the next section, we will show that the mean square
cnd-to-end distance obtained from Eq. (9) is different from that obtained
from Eq. (8).

3. ANALYTIC SOLUTION OF THE MEAN AND
MEAN SQUARE END-TO-END DISTANCES
FROM THE LANGEVIN EQUATION

Zimm'® and Simon and Zimm‘' obtained the expression for the
mean end-to-end distance for a tensile stress applied to the ends of a linear
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polymer by multiplying by xy - x, on both sides of Eq. (2) and then
integrating it:

on = x> = (fIpo) S (Onx — Qo) € YA, (10)

k- odd

By the same procedure, Simon‘® obtained the expression for the mean
square ¢nd-to-end distance as

Uxw — X)) == Ly = xo)? + (Dio) Y, (Qne — QudyA: (1)

kodd

Simon and Zimm also obtained the mean end-to-end distance by the Monte
Carlo calculation with the delta initial distribution of beads, i.c., Eq. (8), and
found a beautiful agreement with Eq. (3). In this section, we plan to obtain
analytically the mean and mean square end-to-end distances from the
Langevin cquation and show that the mean square end-to-cnd distance
obtained from the initial condition Eq. (8) will not agree with that of Eq. (11).
The difference cquation (3) may be rewritten using a matrix notation

u(z — 4e) = u(r) -+ B(41, 1) — odt{A] u(?) (i2)

where B,(d¢,¢) is a column vector whose ith component is B,,(¢). In the
above equation, [A] is a tridiagonal matrix whose components consist of

A()o = AN,'\' =1
Ay =2 for | <i<N—1 (13)
Ajwg = Aicgi = Aijai = Ay = —1

It is easier to solve Eq. (12) in the normal coordinates E, 0, and ¢, with

x=[Q]§ y=[Q]ln, and z=][Q]% (14)

where [Q] is a matrix, whose element @,; is the i th component of the eigen-
vector ®; of the matrix [A]. With this transformation, Eq. (12) becomes

§(1 4 A1) -= (1) + [Q]" By(r) - - o[A] §(r) At (15)

and similarly for n and ¥, where [A] is a diagonal matrix whose diagonal
elements consist of the cigenvalues A;, and the superscript T means the
transpose of the matrix. The above difference equation has the solution of
the following form:

I N
&ty = EON1 — oA, dr)' + 3 [Z OBt 1)](1 — o) Ayt (16)

1::0 k=0
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where [ is an integer defined as [1/4t). The explicit forms of A; and Q;; are
given by

r = 4 sin?lkm/2(N + 1)] (17)
and
QOu == [2(N -+ DI coslmk(I — AN)(N + 1)), k even
= [2/(N + D2 sin[#k(l — LN)/(N -+ 1)), k odd (18)
Quw = /(N + 1)~

In case of a linear tensile relaxation, the end-to-cnd distance, L(z, B,),
for a given set of random numbers B, can be obtained from Eq. (16) as

N
L(t, By) = xn(1) — xo(t) - = 2 (Qni — Qo) £1)
= ¥ (@n — Qo) {£O)(1 — A 40

I-1 N
F 2% oubadnn)a —onanl  a9)
1-:0 L k=0 )

The quantity £,(0) in Eq. (16) can be obtained from the initial distribution of
N + 1 beads as follows. Let N -}- 1 beads be initially distributed linearly
along the x axis with an equal spacing; i.e., let the initial distribution function
of N + 1 beads be a delta function. With an explicit knowledge on @, and
A, given by Eqgs. (17) and (18), it is not difficult to verify that

N N
§40) =+ Z Qr:xi(0) = 2 Qui(d - hk)
k=0 k=0
= h(Qn: — Q(n’)//\i (20)

where d and £ are the distances between the origin and zeroth bead and
between the successive beads, respectively. The last equality follows from the
property that Z,.Q,; = 0and by evaluating £,kQ,; by summation by parts.®
Let us denote the mean of L(t,B,) by <L(t, B,)>. Since B, is a random
number taken from a symmetric function according to Eq. (5), the second
term of the RHS of Eq. (19) vanishes, and by substituting Eq. (20) into (19),
we obtain

L@, By = h Y (Qni — Qu)* (I — ok, At)]X; 21

i :0dd

As 6); dr — 0, Eq. (21) becomes the analytic expression given by Eq. (10).
Simon and Zim cvaluated L(z, B,) by using the Monte Carlo method and
compared the mean value of L(r, B;) with the analytic expression given by
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Eq. (10). Thus, it is not at all surprising that they obtained such a good
agrecment between the analytic result and the machine calculation.

The expression for the mean square end-to-cnd distance can be obtained
by squaring L(t, B;) and taking the mecan. By squaring Eq. (19), we find
that the square of the first term of the RHS of the second equality is just
{L(t, B,)>?%, that the cross-term between the first and second terms vanishes
due to the property (B, (/)> - - 0, and that the squarc of the second term
contains the factor {(B,;(!) B,;(!')>. This term can be evaluated from Egs. (4)
and (5):

n

Boll) Bop () = ), 3 AU D AU, 1>

3'=1 3

-

=y Y [ avgn avgn

i'=1 j=1

.

N N

X ﬁ l 1 wanlAUG, DY AIAU L, 1))

j=0 =0 1 0
— (2D}v) Z Z 801085 = 2D(A1) 8,48, (22)
i1t

where wy;, is the probability of occurrence of different values for 4U;(i, 1).
With Eq. (22) and the property 2,.0,;0.+ == 8, , the last term of L%, B,)
can be summed by the geometric series. Thus, we obtain

@, By = (L By + 2y Qe Gl Lo (L= od 207

(23)
i=odd Al /\ 4t

As A1 — 0, the above expression becomes

(L1, By = (L(1, B)Y2 + (Djo) Y (Qni -+ Qo) (1 — 7 jX, (24)
i=odd

This expression docs not agree with Eq. (11) of a linear tensile relaxation. It
is because the initial conditions for the two cases are different. The initial
distribution of N -+ 1 beads of the machine calculation of Simon and Zimm
is the delta function along the x axis, while that of the analytic approach is
the Gaussian distribution function.

In the next section, we obtain the distribution function ¥(x, y, z, 1) with
two different initial distribution functions:

N-1

¥(x,y, 2z, 0) = exp g—(3/2bz) Z (X550 — {Xj5:0)°
A (Piger = Vig0P A (Z55aa — <z,»‘,~_,._1>)2]§ (25a)
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where x; ;.1 = X; — X and <x; ;.0 = h, { ;5.0 = {Z4> = 0; and
Y(x,y,2,0) = 8(x, — d) 8( y,) 8(zo) 8(x; — d — h) 8( y;) 8(zy)
X 8y — d — NK) 8( yx) 8(zn) (25b)

4. DISTRIBUTION FUNCTION OF N 4 1 BEADS
IN FREE-DRAINING CASE

In order to derive the mean and mcan squarc end-to-end distances for
the bead-spring model of Rouse and Zimm, it is not necessary to have an
explicit form for Y(x, y, z, t). However, there would be many cases where we
need to know the distribution function explicitly. In this section, we solve
for ¥(x,y,z,t) in Eq. (2) for a linear tensile relaxation. Let us consider the
case in which equal and opposite forces of magnitude f(¢) are applied to the
ends of the chain along the x-axis direction. The f(¢) is equal to

f@=f for 1 <0 and  f@@)=0 for t>0 (26)

By substituting Eq. (1) into Eq. (2) and with the above initial condition, we
find that

Wlet = Y (D(E/eu) - (6W/eu) + o(e/eu)T - [A] u¥)

u--X,¥,2

— [f(t)ipl(c¥jeu) - € 27)
where the superscript 7 means the transpose of the vector, and e is a column
vector with ey = —-1,ey = 1, and ¢; = O for I <i << N -- 1. The notation

u (or ¢/cu) is defined as a column vector representing either X, y, or z (or ¢/0x,
d/oy, or ¢/0z) whose ith component is u; (or &/6u;). With the transformation
discussed in Section 3 [cf. Eq. (14)], Eq. (27) becomes

) N S
V(g m, ¢, 1)jcr = Y, | YOS D@ oul) + oAeu P eu;)

J=1 \uj=<£5m;,85

— U)ip] e ¥/6€5) (28)

where ¢, is equal to the j th component of the vector [Q]” - e. In order to solve
Eq. (28), let us introduce the function ¥(k, p, q, 1), which is the Fouricr
transform of Y(g, , §, 1):

Pk, p, 4, 1) = | [ W6 G ) expl- ik E -+ q - O] dEdn dL
<0 o (29)
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In Eq. (29), the integration runs over 3N + 3 coordinates. Multiplying
Eq. (28) by exp[—i(k - § -+ p - n +- q - €)] and intcgrating, we obtain

= ZM: > Z Z [ "D“jﬂp - ou,)\j((?’ff/ffuj)] -+ [if (8)/p] éjki'if (30)

J=-0 uz=k;p;.05

For ¢ ~. 0, we have 8¥/ér = 0 and f(¢) = f; hence, from Eq. (30), we
obtain

N N

Yk, p,q,t) = exp %" Z [(D/20A) (k% = pi* -1 %) — if(egk;'/PU/\f)]E,

j=1

’ 1 <0 (Gl
When ¢ is greater than zero, the last term of Eq. (30) vanishes by Eq. (26), and
it can be solved by separation of all the independent variables. That is, ¥ is
equal to the product over all j of the function y;, which consists of the
product Kj(k;) Pi( p;) Oi(g;) T;(t). By substituting this expression into
Eq. (30), we find the particular solutions of the form

iy, Bi s vi) = Cikgpiigy expl- viodt — (Df20))(ki? =+ pi* -+ 4] (32)

where v; = a; + f; + y; and C; can be determined from the initial condition
that ¥ at ¢+ = 0 should be continuous. Here, ; is a linear combination of all
the particular solutions of ¢;(a; , 8; , ;). Hence, ¥ may be expressed as

,jj(k’ | LA B t) = H ‘//j = H Z i Z l,ﬁj(/, m, n)

=0 j=0 1l,m,n=0

:]z

ZZZC(/ m, n) k;'pmq;
L,m,n.

X exp[—(/ A m +- n) oAt -- (Dfod;)(k? -- p* + ¢;7)] (33)

7

The term exp(ife;k;/poA;) in Eq. (31) should be equal to Ci(/, m, n) kj'p;y"q;"
From this, we find that m = n = 0 and C; = (1//1)(ife,/poA;)'. The Yk, p,q,t)
is equal to

N
Pk, p, q, 1) = || exp[—(D/20X)(k? + pi? - ¢ + (ifeilpod;) ke ] (34)
i=1

We note that the normalization condition, 'f’(O, 0,0, 1) = 1, is satisfied and
from Eq. (34), we may obtain the expression for the nth moment {£;*) using
the relation

& = i"[amj//akj"]k.-.p.q=o (35)
The ¥(E, n, §, t) can be obtained from Eq. (34) by multiplying it by
(1/2m);V+3 ezp(ik - € + ip - n —+— iq - §) and integrating from —oo to +oo.

822/6/2/3-2
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The integration is a standard onc, which can be found from mathematical
tables, with the result

Wm0 = [T (@A /2mDye]
~ [T oAgzenps]

j=1
\f
X exp 3_(0/21)) Z A [(fl - fese o /PU/\ Yl 7 -+ & ]%
j=1
(36)
where <§) is a column vector whosc jth component is equal to (-—fe;/poA;)

exp(—oA;t). Transforming back to the x, y, and z coordinates, we find from
Eq. (36)

Yix,y,2,1) = eXP{—(0’2D) ((x = O) [Alx - <) -+ ¥'[A]y 4 27[A] z]}
N-1

= exp -~ (3/2b%) Z Xi = {Xij. ) -+ y.‘iz.i—l e 27'2.1'01]?’
( 5(37)

where we define u; ;.3 = u; ~ u;; . In the above equation, {x) is a column
vector whose ith component is the mean distance of the ith bead at ¢,

{xp = h Z Qu(Qni — Qor) € Mkt//\k (38)

k=o0dd

where i = f/po. When the external currents #; is zero or in a steady state,
Eqg. (37) becomes Eq. (18) of Zimm’s work.”” The mean and mean square
end-to-end distances can be obtained from Eq. (37) and are given by Eqs. (10)
and (11), respectively.

The initial distribution function that we considered above corresponds
to the Gaussian distribution function. We can also find the expression for the
distribution function whose initial distribution of N -|- I bcads is given by
Eq. (25b). By the similar procedure as wc used above, we find that

YE n, & 1)

oA;
l—l 277D(l — p—20At) %)

X exp % (o/2D) Z ——e/\iﬁt) (& — <ED» + 9 + Cf‘]%
(39)
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Three Beads

<Lty

Fig. 1. The mean and mean square end-to-end distances of a linear chain with three
beads. The crosses are obtained by the Monte Carlo calculation with Eq. (7), where
v = At — 1,0 == 0.125, and b = 16. Initially, the beads are distributed by Eq. (8), where
d = —16 and & = 16. The solid lines are obtained from Eqs. (10) and (24). The vertical
lines measure the standard deviations, where 50,000 independent runs are taken.
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Fig. 2. The mean and mean squarc end-to-cnd distances of a linear chain with eleven
beads. The crosscs are obtained by the Monte Carlo calculation with Eq. (7), where
v =Adr — 1,0 — 0.125, and b —: 16. Initially, the beads are distributed by Eq. (8), where
d = ~-5h and h = 16. The solid lines arc obtained from Eqs. (10) and (24). The vertical
lines measure the standard deviations, where 400 independent runs arc taken.
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Fig. 3. Thc mean end-to-end distance of a linear chain with three beads and with the
reflecting wall at x = —16. Initially, the beads are distributed by Eq. (8), where d = - 16

and & = 16. The paramcter in Eq. (7) are taken as b = 16 and n - 1, and 30,000 indc-
pendent runs are taken.
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Fig. 4. The mean square end-to-end distance of a linear chain with three beads and with
the reflecting wall at x == —16. Initially, the beads are distributed by Eq. (8), where
d = —16 and h = 16, The paramcters in Eq. (7) are taken as b = 16 and n - 1, and
30,000 independent runs arc taken.
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where (&> = £,(0) e-o%t. The ¥ obtained from the Gaussian initial distribu-
tion function is expressed in terms of the distance between successive beads
u; ;41 as given by Eq. (37). However, Eq. (39) does not reduce to a function
of u; ;,, . From Eq. (39), we {ind that the mean and mean square cnd-to-end
distances have the same expression as those given by Egs. (10) and (24),
respectively. Equation (39) was obtained by Wang and Uhlenbeck (Note 1V
in Appendix of Ref. 9). However, the time-dependent distribution function
for a linear tensile relaxation as given by Eq. (37) is derived for the first time
in this paper.

5. DISCUSSION

When a boundary condition is imposed on Eq. (7), it is not possible to
obtain {L(t, B,)) in a closed form. Only the Monte Carlo method is available
for this case. Since this method is an iterative process starting from an
initial position of beads, the error accumulates as the time progresses if we
choose too large 4¢. Too small a value of 4¢, however, would take too much
computer time. Equations (21) and (23) give a good estimate of the right
magnitude of 4¢ for given o and N. Since A, is inversely proportional to
(N -~ 1)? for small i, and only low values of / contribute to the summation
for sufficiently large ¢, 4r could be chosen bigger for larger N. In order to
demonstrate this numerically, we have computed the mean and mean square
end-to-end distances of the linear chain by the Monte Carlo method with
v=Adt =1, 0 = 0.125, and b = 16. Initially, the beads are distributed
by Eq. (8) where d = —AN/2 and & = 16. The crosses in Figs. 1 and 2 are
obtained by taking 50,000 and 400 independent runs, respectively, where
the vertical lines indicate the magnitude of the standard deviations. The
solid lines are obtained from Egs. (10) and (24). As shown in these figures,
the Monte Carlo result is very good for N = 10, while it is quite poor for
N == 2, We have also studied the effect of a choice of 4¢ on Eq. (7) by placing
a simple boundary condition (Figs. 3 and 4). Initially, the zeroth, first, and
second beads are placed at x = -—16, 0, and 16 along the x axis, respectively.
The reflecting wall is located at x == --16. The parameters in Eq. (7) are
taken to be & = 16 and n = 1. As we see from Fig. 4, we find that the
computed values of <{L%*t)> differ for each A4t in the interval of
1/4 < odt < 1/64.

ACKNOWLEDGMENT

I would like to thank Professor Bruno Zimm for the valuable discussions
during this rescarch.



86 Teresa Ree Chay

REFERENCES

. E. M. Simon and B. H. Zimm, J. Star. Phys. 1.41 (1969).

B. H. Zimm, J. Chem. Phys. 24:269 (1956).

F. H. Ree and T. R. Chay, submitted to Biopolymers 11:973 (1972).

P. E. Rouse, Jr., J. Chem. Phys. 21:1272 (1953).

N. Kahn, Applications of Monte Carlo, The Rand Corporation, 1956.

E. M. Simon, Thesis, University of California, San Diego, 1968.

M. B. Clark, Thesis, University of California, San Diego, 1969.

. F. B. Hildebrand, Methods of Applied Mathematics (Prentice-Hall, Englewood Cliffs,
N.J., 1952).

9. M. C. Wang and G. E. Uhlenbeck, Rev. Mod. Phys. 17:323 (1945).

I e



